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General definitions

The strength of a material is its ability
to withstand an applied load without

failure or plastic deformation [2].
Yield Point _ stiffness

1% c\oPe :
'% Stiffness is an indicator of the tendency \ _/:
I8 for an element to return to its original rallrePoint
E form after being subjected to a force. & .
g Nonelastic Region E
g Strength measures how much stress :
5 can be applied to an element before it !

deforms permanently or fractures. .

Strain
Hardness measures a material’s The relationship between stiffness and

resistance to surface deformation. yield strength [3]
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General definitions [3]

« Stress is an internal force resulting from
an applied load; it acts on the cross-
section of a mechanical or structural

component. Ultimate Tensile Strength
. . . Yield Strength - i
- Strain is the change in shape or size of a st et e e e o T e PO
body that occurs whenever a force is SRR D).

applied.

Stress

. . . . i Stiffness o E
* Yield strength is used in materials that Springiness « 1/E

exhibit an elastic behavior. It's the
maximum tensile stress the material can
handle before permanent deformation
occurs.

—| |~-0.1%

Strain

Strength of materials

« Ultimate strength refers to the maximum
stress before failure occurs.

 Fracture strength is the value
corresponding to the stress at which total
failure occurs.
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Types of loading [4]

Loading Type Stress Type lllustration
F
» Axial Stress -
(general case) :
_ « Tensile Stress 'I
Axial Force (if force is tensile) 1A
1
+ Compressive Stress -
(7)) (if force is compressive) 1
S ¥
()
©
= | ’
1 —*
(U
(@) Shear Force Transverse Shear Stress A
c I:. i
+— - !
(@)
c
@
= o
tension
p _ _ ?
Bending Moment BendingStress = | | o —gfm
compression
M cr/é - M
T T
— T t
Torsion Torsional Stress
L]
T
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Stress terms

Compressive stress is the stress state
caused by an applied load that acts to
reduce the length of the material along
the axis of the applied load[3].

Tensile stress is the stress state
caused by an applied load that tends to
elongate the material along the axis of
the applied load, in other words the
stress caused by pulling the material [3].

Shear stress is the stress state caused
by the combined energy of a pair of
opposing forces ac ting along parallel  compression
lines of action through the material, in

other words the stress caused by faces

of the material sliding relative to one

another [3].

.
B —|

tension shear
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Types of Stresses

Two basic stresses exists :

 normal stress - the direction of the force is normal to the area
resisting the force

« shear stress - the direction of the force is parallel to the area
resisting the force.

Normal Stress Shear Stress
Axial St E T St il
xial Stress: o= — ransverse Stress: T = —
A A
My . Tr
Bending Stress: op = Torsional Stress: T = —
I. J

Where: F is the force , A - area, M - bending moment, y - distance between
the centroidal axis and the outer surface, Ic - centroidal moment of inertia of
the cross section about the appropriate axis, T - torsion, r -radius, and J -
polar moment of inertia of the cross section.
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Strain

Strain is the ratio of the deformation to the original length of the part:

=4
Ly

2y
|l
=

Strength of materials

where ¢ is strain in measured direction, lo is the original length of the
material and | is he current length of the material.

Units are: m/m, mm/m, In/in, in/ft
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Strain parameters

Deformations are a direct indicator

of strain.

Deformation of the material is the

change in geometry created when

stress is applied.

= Elastic deformation - the stress
IS a linear function of strain. The
elastic deformation exists only
while the tension is applied and

disappears immediately after the

stress is removed.

» Plastic deformation- beyond the
linear region, stress and strain
show nonlinear behaviour.

Single-English.Ist

Description Result
Width x Thickness WxT 10.05 x 4.16 mm
Startsecton  Sg 41.81 mm?
E-Modulus E 4.00 GPa
Load max Fm 6.11 kN
Deformation at Fmax Agt 027 %
Elongaton A 4.80 %
Tensile strength Ry 1458.23 MPa
i
|
|
200.0¢ \
X 190.0f |
180 O/
7'000.00
170.00
€'500.00 e
6'000.00 § o, 1/\ 150.00
ss0000] 140.00
ReL! —
§'000.00 130 E
120, 1
; 4%500.00 110 E
g 4000.00 100.00 »
S 950000 g
n
3000.00 ]
2'500.00 60.00
2'000.00 5000
1'600.00 4000
1
0000 / 3000
ol 2000
500.00
202’ X! DReH 1000
0.00 0.00
000 1.00 200 3.00 4.00 500 5.00
Deformation [% ]
Source: [4]
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Modulus of Elasticity (E)

The constant that expresses the ratio
of unit stress to unit deformation for all
values unit stress not exceeding the
proportional limit of material.

It is also known as Young's modulus
or elastic modulus.

Every material has a unique elastic
modulus value. A typical value for
steel is 29 x 10° psi (200 GPa)
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Hooke's law

It was discovered by the English scientist Robert Hooke in 1660.
Hooke's law, F = kx, where the applied force F equals a constant k
times the displacement or change in length x.

L) oo ;
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UPenAUTO : 2017-1-ES01-KA203-03858 L Erasmus+



Strength of materials

UPenAUTO

Generalized Hooke's law

The displacement or size of the deformation is directly proportional to
the deforming force or load.

When the force applied is proportional to the deflection, a material is
said to comply with Hooke's law. There is a linear relationship between
force and displacement and thus linear elastic materials comply with
this law.

It states that for materials loaded within elastic limits, the effort is
proportional to the strain.

1
Where, iy E [Ux i v(oy # Uz)]
OIS the stress 1

- Eisthe modulus of elasticity ¥~ g oy — v(oy + o))

* ¢isthe strain 1
o == [0, — v(oc +0,)]
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Hooke’s Law Graph

or
E.l'
- "'"
Ultimate—, | e D *
stress
2] . E
T Yield stress ~| B Fracture
=
% Proportional ™ A
limit
S
(U
o
r= 0,
(@) T TR - w4 - - E
GC) /’ Perfect Strain Necking
= Linear plasticity hardening
p region  Of yielding

Stress-strain diagram for a typical structural
steel in tension (not to scale)

Source: https://www.quora.com/What-is-Hookes-law
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Stress Tensor

The stresses acting on an internal plane are decomposed into
three orthogonal components:

* normal stress — one component normal to the surface
* shear stresses - two components tangential to the surface

Strength of materials

Source: https://en.wikipedia.org/wiki/Cauchy_stress_tensor
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Normal and shear stresses

The magnitude of the normal stress component g,, of any stress vector
T(M acting on an arbitrary plane with normal unit vector n at a given point,
in terms of the components o; of the stress tensor o, is the dot product of
the stress vector and the normal unit vector [8]:

on =T® . n
_ ﬁ_'[ﬂ]l n:

= U‘t'jﬂ.gﬂrj.

The magnitude of the shear stress component 7, acting orthogonal to the
vector n, can then be found using the Pythagorean theorem [8]:

2
Tn = \/(T(“)) — o2

TP o,

1 i

. 2
where: (T(n)) = T™T™ = (04n;) (cikni) = oijoun;ny
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Cauchy stress tensor

According to Cauchy, the stress at any point in an object assumed
as a continuum, is completely defined by the nine stress
components. Cauchy’s Law

%) : L .
© The tensor relates a unit-length direction vector n to the traction
o vector T(" across an imaginary surface perpendicular to n:
©
& n
- T —n.o or T = TijTi.
o J
< . : .
= Grouping of the nine stress components is known as the stress
o tensor (or stress matrix).
g11 012 013 Orr Oy Ozz Or Tey Txz
[ Pl— J921 T99 023 — ﬂ.yI ﬂ'yy ﬂ'yz = TyI {Ty Tyz
031 032 033 ] | Oz Ozy Ozz | Tz Tzy Oz
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Mohr’'s circle

* Itwas invented by Christian Otto Mohr.

* Itis a graphical method used for evaluation of principal stresses,
maximum shear stress; normal and tangential stresses on any

given plane.
L)
G : .
ol Stress Transformation Equations
©
S 1 L :
= on = E(acrE +0y) + E(O'x — oy) cos 20 + 74, sin 26
o
1
e .
= Tn = —E(cr:,., — 0) sin 20 + 1, cos 20
5 y
: AC Yi
U) y
Tyx Gy1 Ty1x1 Tx1y1 x1
y " O,
c, < X » G, 0 X
TX: O 1 Ty1x1
Tyx‘ 3 Tx1y1 Gy1
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Construct Mohr’s circle [9]

1. Determine the point on the body in which the principal stresses are to be

determined.

2. Treating the load cases independently and calculated the stresses for the point
chosen.

3. Choose a set of x-y reference axes and draw a square element centered on the
axes.

4. ldentify the stresses ox, oy, and 1xy = Tyx and list them with the proper sign.

Draw a set of o - T coordinate axes with ¢ being positive to the right and 1 being
positive in the upward direction. Choose an appropriate scale for each axis.

6. Using the rules on the previous page, plot the stresses on the x face of the element
in this coordinate system (point V). Repeat the process for the y face (point H).

7. Draw a line between two point V and H. The point where this line crosses the o axis
establishes the center of the circle.

8. Draw the complete circle.

9. The line from the center of the circle to point V identifies the x axis or reference axis
for angle measurements

Strength of materials
a1
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The Mohr's Circle calculator

The Mohr's Circle calculator is available here:
https://mechanicalc.com/calculators/mohrs-circle/

Mohr's Circle

125.0
T

100.0 Max shear = 75.00
750 (30.00, 45.00) \

l 0.00, 45.00)
50.0 / .

. ,

Y N '
25.0 Min prin =15.00 |

N {90.00, 0.0)

500 250 00 (250 500 750 1090 1250 150.0 [1¥&D 200.0 2250 250.0
250 : N Max prin = 165.0
-50.0 \

2850 \ (150.0, -45.00)
/4 (150.0, -45.00)
-100.0 Min shear = -75.00
-125.0

Stress On Unrotated Element

Normal Stress, X: 150
Normal Stress, Y: 30
Shear Stress on Y Face: 45
Results
Value
Rotated Element, 150.0

Normal Stress X

Rotated Element, 30.00
Normal Stress Y

Rotated Element, Shear Stress 45.00
Max Principal Stress 165.0
Min Principal Stress 15.00
Max Extreme Shear Stress 75.00
Min Extreme Shear Stress -75.00
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0.000°

90.00°

18.43°
108.4°
63.43°
153.4°
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Variables obtained using stress tensor

« Maximum shear stress is equal to one-half the difference
between the largest and smallest principal stresses, and acts on
the plane that bisects the angle between the directions of the

largest and smallest principal stresses.
1

Tmax — E |{-Tmax — I‘::"-111'1n|

» Piola—Kirchhoff stress tensor express the stress relative to the
reference configuration.

The 1st Piola—Kirchhoff stress tensor P relates forces in the present
configuration with areas in the reference configuration

P=—JoF T

where
F is the deformation gradient
J = det F is the Jacobian determinant.

UPenAUTO : 2017-1-ES01-KA203-03858 - Erasmus+
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Variables obtained using stress tensor [10]

o P S T T M
o= o J'PF" J'FSFT Jr J'RTF" J'FTMF"
P= JoF T P FS tF! RT FTM
e JF'eF T F'P S Fl7F T Ut C'M
T= Jo PF" FSF' T RTF! FIMFT
T-= JR'gF T R'P Us RT'7F T T U'M
M= JFTaF T F'p CS FTrFT UT M

J=det(F), C=F'F=U* F=RU
P=JoF " r=Js, §=JF'eF" T=R'P, M=CS

Where:

Cauchy stress tensor (o)

First Piola-Kirchhoff stress tensor (P)
Second Piola-Kirchhoff stress tensor (S)
Kirchhoff stress tensor (1)

Biot stress tensor (T)

Mandel stress tensor (M)

Rotation tensor (R)

Strength of materials
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Types of Failure

» Fracture via crack development and propagation (brittle, ductile,
low- and high-cycle fatigue, etc.)

» Yielding via plastic (permanent) deformation of ductile materials

» Low (High) Stiffness due to softening (hardening) caused by aging
(cyclic loading, cold work, environmental effects, etc.)

» Instability via buckling (abrupt decrease in stiffness with loading)

» Creep slow increase of deformation (mostly at high temperature)

D e N o

= @ a==
= S
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Material failure criteria

The failure of the materials are
classified into:

* Drittle failure
e ductile failure

Types of material failure depending on
the scale in which the material is
examined:

» Microscopic failure
« Macroscopic failure

UPenAUTO : 2017-1-ES01-KA203-03858 - Erasmus+
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Macroscopic failure

Type of macroscopic failure

« Damage failure

« Empirical failure

* Energy type failure (S-criterion, T-criterion)
« Stress or strain failure

Strength of materials
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Criteria used to predict the failure of materials

Failure of brittle materials
— Phenomenological failure criteria
— Linear elastic fracture mechanics
— Elastic-plastic fracture mechanics
— Energy-based methods
— Cohesive zone methods

Ductile material failure criteria
— the maximum shear stress criterion
— the von Mises yield criterion or distortional strain energy density criterion
— the Gurson yield criterion for pressure-dependent metals
— the Hosford yield criterion for metals
— the Hill yield criteria
— various criteria based on the invariants of the Cauchy stress tensor

Strength of materials
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Yield surface

A yield surface is a five-dimensional surface in the six-dimensional
space of stresses.

Type of yield surfaces [11]
» Tresca yield criterion is known as the maximum shear stress

%max{lcrl — 03|, |02 — o3|, log — 01]) = S5y = %Sy

where
Ssy is the yield strength in shear, and Sy is the tensile yield strength.

» von Mises yield criterion is expressed in the principal stresses

(0‘1 — G’g)z + (U’g — 0‘3)2 + (0'3 — 01 )2 = 2Sy2

where
Sy is the yield strength in uniaxial tension
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Yield surface

Burzynski-Yagn criterion represents the general equation of a second
order surface of revolution about the hydrostatic axis [11].

Oeq — 'TlIl Oeq — '721'1

3 =
2 | 1—

Mohr—Coulomb yield criterion is similar to the Tresca criterion, with
additional provisions for materials with different tensile and
compressive yield strength [11].

m+1
2

ax (‘Jl — o3|+ K(oy +03), |01 — o3|+ K(oy +03), |02 — 03] + K(02 +03)) = Sye

Drucker—Prager yield criterion is similar to the von Mises yield
criterion, with provisions for handling materials with different tensile
and compressive yield strengths [11].

(m_—l)(dl tontas) + (mg—l)\/(m —02)% + (02 — 03)% + (03 — 01)? _s,

2 2
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Yield surface

Bresler—Pister yield criterion is an extension of the Drucker Prager
yield criterion that uses three parameters and has additional terms for
materials that yield under hydrostatic compression [11].

541/2
]

Sye = %[(O’l —03)? + (09 — 03)% + (03 — 01) — ¢y —c1 (o1 + 09 +03) — ¢ (01 + 03 + 03)?

Willam—Warnke yield criterion is a three-parameter smoothed version
of the Mohr—Coulomb yield criterion that has similarities in form to the
Drucker—Prager and Bresler—Pister yield criteria [11].

f(IlaJZrJS) =0

Strength of materials

Bigoni—Piccolroaz yield surface is a seven-parameter surface defined
by [11]

_ a
f(p,q,0) = F(p) + 0 0
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2. Finite element method

* The finite element method (FEM) is a method for solving problems
that divides a structure into small piece of structure that are called
finite elements.

» Afinite element method is characterized by a variational formulation,
a discretization strategy, one or more solution algorithms and post-
processing procedures.

« The FEM methods obtain only "approximate" solutions and have
"Inherent" errors.

Strength of materials
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Types of Finite Element Method [12]

 Extended Finite Element Method (XFEM) - works through the
expansion of the shape functions with Heaviside step functions.

 Generalized Finite Element Method (GFEM) - shape
functions are primarily defined by the global coordinates and
further multiplied by partition-of-unity to create local elemental
shape functions.

Mixed Finite Element Method - extra independent variables are
introduced as nodal variables during the discretization of a partial
differential equation problem.

 hp-FEM -is a combination of automatic mesh refinement (h-
refinement) and an increase in the order of polynomial (p-
refinement)

« Discontinuous Galerkin methods is a finite element method
formulated relative to a weak formulation of a particular model
system.

Strength of materials
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The global equation for element

[K]{d}={F}

[K] — Stiffness matrix
{d} - displacement
{F} — force

Obtaining unknown variables at nodes by solving the equation

{d}=[K]™* {F}

{d}=[K]* {F}

Stiffness matrix represents the system of linear equations that
must be solved in order to ascertain an approximate solution to the
differential equation.

UPenAUTO : 2017-1-ES01-KA203-03858 - Erasmus+



UPenAUTO

The Stiffness matrix calculation for the element of truss
type

Direct Method

There is considered the finite element i represented by a truss, of constant stiffness for
which there are permitted only the displacements along the axis Ox [14]

i) U1=1
-2 O
9 ’ X
= —
c A
O I /
e
o ¢ 4
@
et E-S E-S
N F=K,=—F =K, =——
n =T » B, =K, L where:
F, +F,=0 F - axial forces

S - cross section area
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The Stiffness matrix calculation for the element of truss
type

Direct Method

If in the node 2 there is imposed a displacement u2 = 1, respectively, for the node 1 there is
imposed ul =0, [14]

u=1
u;=0 @ 4

1 2 X
— —)
F1 F2
I SN
(

here:
E-S . WHere.

F,=K,,=—: F =K, = ES F - axial forces

L L S - cross section area
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The Stiffness matrix calculation for the element of truss
type
Indirect Method

The displacement of an arbitrary point M on the direction of axis x, can be approximated by
an interpolation polynomial of the form: [14]

=[a]  fal=[a]"-{U}

T i

% 10
u, =a _i i u X X u
{ L Ueob=[x 1| L L { ‘}{ - —H '
u, =a,lL+a, 1o W L L] |u,
or:  {Ux)}=[NfU.}
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Interpolation

The interpolation functions must meet the continuity conditions and the
convergence conditions of the approximate solution.

The interpolation functions are most often polynomial forms of the
independent variables, derived to satisfy certain required conditions at the
nodes.

* For axial loaded beams — it must satisfy the continuity of the
displacement function u(x).

« For the bending loaded beams - it must satisfy the continuity of the
displacement function v(x) and must be secured too the continuity of
the derivative dv/dx.

The continuity and convergence conditions can be wholly satisfied if the
interpolation polynomials are of an order at least equal with the highest
order of derivation which appears in the differential relations between
deformations and displacements [15].

Lagrange generalized polynomials is recommended when the functions
meet the continuity conditions.

UPenAUTO : 2017-1-ES01-KA203-03858 n Erasmus+
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Interpolation Polynomials from Class C°

Tensile or Torsion Loaded Beam Type Element

It considers a beam type element of length L, for which in the nodes 1 and 2 we it
knows the parameters of the nodal displacements ul and u2 [14]

- first order interpolation polynomial of the form | N

u(x)= cx+ ¢y

rensile compression: u(x)=N; u;+ N, u, ESorGl
k] >p
forsion: (P(X)— N; @1+ No @

< L >

The boundary conditions for the polynomials of the form:

x=0, =u=u; (p=¢;), and x=L, =u=u,, (¢=¢,)

ot 1
u, =¢,L+c, c.=u 1‘(?‘1):02?‘1"'01:[?{ l]-{cl}

Strength of materials

C,

u(x) = u—z—ﬂjx+u = ( X
A R

X X X L) L 2 4
= 1—)1114—112 N, =—
L L L

¥4
L.

A
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Lagrange Interpolation

The discrete points are represented by the nodes situated on one of the
element sides. The shape functions Ni are [14]:

(X—X2XX—X3)...(X—Km+I)
.- (Xl —X, )(Xl — X3 )“'(Xl _xm+l)
N - LI 11#1( _Xj) N = (x—x, Jx—x, ) {x-x__,)
1 Hm+l ( _Xj) 1 (xz_xlxxz_x3)-~(xz_xm+1)

(x—x, x—x,).(x-x,)

(Xm+1 B Xl Xxm+l - Xz ) . '(Xm+1 - Xm )

N, =

N

m+l

For the one-dimensional finite element, considering the linear functions parameters
u(x), (m=1), as follows: x1=0 =u(x1)=ul; - x2=L =u(x2)=u2,

X—L X X X
u(x)= ( T )ul +Lu2 (I—EJul + Lu_._:
—_— g
Ni N,

Strength of materials

UPenAUTO : 2017-1-ES01-KA203-03858 m Erasmus+



UPenAUTO

Lagrange Interpolation

Bilinear rectangular finite element y

For a polynomial of the first order, m=1, on the
lower side between the node 1 and 2, in which:
x1l=-a=u(x1l)=ul; x2=a =u(x2)=u2 [14]

0 > X
©
T X,—X X, —X a—Xx X-+a
ol u(x),, = —* u, +— u, = u, + u,
T TX, X, X, — X, 2a 2a b
E On the upper side between the nodes 3 and 4, in
S8 which: x1=-a=u(x1)=u4; x2=a =u(x2)=u3 [14];
e
= X, =X X, — X a—Xx X+a
2] u(x),; =—* u, +—1—"u, = u, +——u,
) X, — X, X, — X, 2a 2a
ip) |nterpolating according to direction y on the sides 1-4 and 2-3 [14] :
.Y —Y
u(XaY): : u,,+ Y1 U,; =
Yo% Yi— Y,
b-ya- b-yx+ +ba- +bx+
_ ya xu1+ VX auz+y a xu4+y X aus:
2b 2a 2b  2a 2b 2a 2b  2a

_a=x)b-y) - farx)boy) o arx)bry) o (a-xfbry)
4ab 4ab 4ab 4ab
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Lagrange Interpolation o
G
Trilinear rectangular solid finite element [14] ;/' /:'
!
' x|-[b+si v]- i : - .
Ni _ [E].-l—SlgIl(X) X] [ +Sglgl;l(Y) Y] [C-l—SlgIl(Z) Z] l ;)-_ _____ G ()
abc e
o) | | | | A
[l The interpolation functions for the displacement z(i) O
[of vector components are: ] 2
S ) a .
= (u,)
o v,
g -
GC) u,
ﬁ ux,y,2)] [N, 0 0 N, 0 0 N, 0 0 N, 0 0]/
vx,y2)'=|0 N, 0 0 N, 0 0 N, 0 0 N, 0 [4{ 2}
wxv,z)l |0 0 N, 0 0 N, 0 0 N, 0 o0 N,||°
Vs
W,
u,
Vy
(W4
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Interpolation polynomials of Class C!

The linear displacement v(x) - polynomial of the third order [14]

cl
3 2 _[ 3 2 C,
v(x)=c¢x’ +¢,x* +e,x+c, vix)=|x* x* x 1J.<C '
[p] 3
: _ .
The angular displacements function [14] ._k{:}i.
dv
¢(x)=—=3¢,x” +2¢c,x +¢,
dx
The boundary conditions are: After imposing the conditions:
x=0, v=v; vi] [o 0o o 1] (e
’ : ¢ |0 0 1 0 e,
K:L, v:vz; Vz - L3 LZ L 1 C3
dv 0, |37 2L 1 0] [c,
0 (p:%:&: 0] [A] :
dv 2 L -2 L
X :L, = — B 1 ~3L _2L2 3L _Lz
=9, dx Al -

o 1* o0 o
> 0 0 0
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Interpolation Functions for the Triangular Finite Element

Interpolation function of the form [14]:

®=> N,
where: ®;- is the nodal displacement on the direction of the degree of freedom i;
N, =N, (L, L, L,) shape functions;

L,L, L, arethe triangular coordinates

The interpolation functions

®=3c, (10151
1=1

Strength of materials

where:
g, I, S - are arrangements for n possible combinations which respect the condition

g + r +s =p, and p represents the order of the interpolation polynomial;
C; - represents the polynomial coefficients
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Boundary conditions

Boundary conditions are used to specify the loading applied to a solid.

» Displacement boundary conditions - it may prescribpeul,u2,u 3, orall

three. If only the u 1 component of displacement is prescribed, then the
force will act inthe e 1 direction. If u 2 is prescribed, the force acts in
direction e 2, and so on.

« Symmetry conditions - finite element codes can automatically enforce
symmetry and anti-symmetry boundary conditions

» Prescribed forces - any node in a finite element mesh may be subjected to a
prescribed force.

» Distributed loads - a solid may be subjected to distributed pressure or
traction acting on its boundary.

» Default boundary condition at boundary nodes - if no displacements or forces
are prescribed at a boundary node, and no distributed loads act on any
element faces connected to that node, then the node is assumed to be free
of external force.

UPenAUTO : 2017-1-ES01-KA203-03858 n Erasmus+
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Boundary conditions

Problems with boundary solutions

« Equilibrium problems - must find the displacement in the
equilibrium state or the stress distribution

« Eigenvalue problems - must determine the critical values of
certain parameters which appear in their formulation and natural
frequencies.

Problems of propagation - appears in finding the response of the
solid body which is subject under variable loads in time.

Strength of materials
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The basic types of boundary conditions [15]

Fixed Condition at % = 100 mm Pinned V=0 Fin Between Beam Sectiugs )
e 1) v, =0 A end M=0 A =] c Yime=VYzape=0
v Viate=V2atg
e 2) v, (slope) =0 > ot o Ll
o 100 mm =<  Fixed end ;-.rfd::v.-': - 1atB~ "zatB
< Continuity Between Beam Sections Force Between Beam Sections
— {deflecticn and slope) V=0 (shear ViatB = VY2 atB
CIL) 30 mm atx = 50 mm Free end M=0 { : A B_C Vias=Vaus
] —_—m T
[ | - 3 v, =V ; Viae-Vaas=F
- — 4 U 3 = tF Free end V=F (shear) ©:@ My ag=Maug
@@:} b vy=va w! force M=0
"'5 Moment Between Beam Sections
Free End Condition _ =
= BT L Free end V=0 (shear) Mo g MEET R
ccj) +=|: 5) W, =0 ng wi moment M =-M, f@%‘:’ ""'vmta‘:EatB
6) M, =10 @@:} 1atB~ Y2atB
@ ! ' My g - M = M
— 1atB ™ Mzatg = "Wg
5 Continuity Between Beam Sections : ) —
(moment and shear) Discontinuous Distributed Load
i v =v
50 mm = e a c 1atB~ "2atB
— ?—Jv Y . Viate=V z2ats
ey a I".I;—hi M@ Viate=Vaatg
NOHA) ) My =My Myasta=Maam
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Constraints are boundary conditions that represent physical characteristics
such as connections, surfaces, and thermal boundaries.

Type of constrains:
v Structural
= Fixed
= No Translation
= No Rotation
= Free
v" Pin
v" Frictionless
v' Response Spectrum
v Thermal

UPenAUTO : 2017-1-ES01-KA203-03858 m Erasmus+
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FEA Mesh [17]

A mesh consisting of nodes and elements based on the supplied geometry

b 7 N W N A e
"A'"v‘\!- NG ‘““’""w‘i’m,‘ i
Y A

Strength of materials
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Analysis types of FEA

Types of analysis supported by the finite element method
Linear static analysis
Non-linear static analysis

Linear dynamic

Nodes:695

Type: Z Displacement
Unit: mm
26/01/2020, 09:11:57

\\
) \\\t

e .

Strength of materials
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Linear static structural capabilities [16]

vV V V V V V V V VYV VY

homogeneous/non-homogeneous materials
isotropic/orthotropic/anisotropic materials
temperature-dependent material properties
spring supports

support displacements: point, line, pressure loads
body forces (accelerations)

initial strains (e.g. concrete prestressing tension)
expansion

fracture mechanics

stress stiffening.
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Non-linear static structural capabilities

material non-linearities (e.g. plasticity, creep)
large strain (gross changes in structure shape)
large displacements

gaps (compression only interfaces)

cables (tension only members)

friction

vV V ¥V VY VYV VYV V

metal forming.
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Linear dynamic capabilities

natural frequencies and modes of vibration
response to harmonic loading

general dynamic loading

response spectrum loading

power spectral density loading

spin softening.

V.V VYV VYV V V

Non-linear dynamic capabilities

» time history response of non-linear systems
» large damping effects

» impact with plastic deformation.

Strength of materials
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Linear steady-state thermal capabilities
homogeneous/non-homogeneous materials
isotropic/orthotropic/anisotropic materials
temperature-dependent material properties
conduction

iIsothermal boundaries

convection

heat fluxes

internal heat generation.

VV YV VYV VYV VYV

Non-linear thermal capabilities
» radiation (steady state)
» phase change (transient

UPenAUTO : 2017-1-ES01-KA203-03858 “ Erasmus+
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Results from finite element analysis

= Static Analysis:1

General objective and settings:

StreSS an alys IS resu ItS Design Objective Parametric Dimension
v deflections Study Type Static Analysis
] Last Modification Date 26/01/2020, 09:10

0 v" reactions at su ppOrtS Detect and Eliminate Rigid Body Modes | Yes
I v’ stress components Mesh settings:
(¢}) Nl Avg. Element Size (fraction of model diameter) 0.1
E v p”ﬂClpal stresses Avg. Element Size in Shells 0.05
S v' equivalent stresses (Tresca, von Mise: |Min. Element Size (fraction of avg. size) 0.2
y— . Grading Factor 1.5
O v strains Max. Turn Angle 60 deg
% v Strain energies Create Curved Mesh Elements Yes
o v path integrals and stress intensity for f 8 Material(s)
= . ; Name Aluminum 6061
N v linearised stresses Mass Density 0.0975437 Ibmass/in"3

v bu Ckllng loads General Yield Strength 39885.4 psi

Ultimate Tensile Strength 44961.7 psi
v bUCkling mode shapes. Young's Modulus 9993.1 ksi
Stress Poisson's Ratio 0.33 ul
Shear Modulus 3756.8 ksi
Part Name(s)| 108-4-1-1.ipt
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Results from dynamic analysis [15]

natural frequencies

E F1 36.42 Hz Y Displacement
natural mode shapes ,
phase angles
participation factors
dynamic analysis
responses to loading
displacements

velocities

accelerations
reactions

stresses

AN N N NN Y N U N N N

strains.
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Results for thermal stress analysis
« temperatures
* heat fluxes.

General information generated by a thermal stress analysis

» displaced shape plots

» symbols showing the magnitude of reaction forces, heat fluxes
« contour plots of stresses, strains, displacements, temperatures,

« vector plots showing the direction and magnitude of principal
stresses
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Buckling Analysis

Buckling refers to the loss of stability of a component and is usually independent
of material strength.
Lona columns can be analysed with the Euler column formula

F=nm?E|l/L?

where

F = allowable load (Ib, N)
n = factor accounting for the end conditions
E = modulus of elasticity (Ib/in2, Pa (N/m?))
L = length of column (in, m)

| = Moment of inertia (in%, m#)

F F F F

Strength of materials
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Buckling Analysis

The critical stress
P, mE

Ocr = =

ALy

Where:

- O Is the critical stress (the average stress at which the column will buckle),

- P, is the critical force (the applied force at which the column will buckle)

- Als the cross-sectional area,

- Lis the unsupported length of the column,

- ris the radius of gyration of the cross section,

- E is the elastic modulus of the material

- K is the effective length factor and accounts for the end conditions of the column

End Condition: Pinned-Pinned Fixed-Fixed Fixed-Pinned Fixed-Free

V P Y

Strength of materials

lllustration:

2 2
O, = Wb (Z) circular cross section

w2E [ h\?2 .
T3 \I rectangular cross section

Oc =

Theoretical Effective Length Factor, K- 1 0.5 0.699 2
Recommended Effective Length Factor, K: 1 0.9 0.9 2.1 UPenAUTO : 2017-1-ES01-KA203-03858 “ Erasmus+



UPenAUTO

Steps for Finite Element analysis using software

7. Solve the boundary value
problems

8. Display the results

1. Select analysis type
2. Select element type
7 3. Specify material properties
8 4. Make nodes
% 5. Build elements by assigning
S connectivity 0%
© G Apply boundary conditions and G
-
= loads
-
=
)
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Steps for finite element calculation

1. The geometry of the solid. This is done by generating a finite element
mesh for the solid.

g ”—‘I + & c . . 3 - ; .
@ ‘E & Midsurface =1 © Pin % = "8 Bearing & [iiE) 5 o] S g J

21 Offset . '3 Frictionless 7D Moment oS Manual 51 0 ’ Al Adjustedx!  ~
Create Parametric Assign  Find Thin Fixe Force Pressure = Mesh View| Simulate Re Guide Stress Analysis  Finish
Study  Table Bodie: ) Gravity 5] onvert L Settings: | |Analyiis

Manage Material Prepare Constraints Loads v Contacts Mesh Solve Result Display Report Guide Settings Exit

Model x |

Modeling | Study

v ] static Analysis:1
> () 108-4-1-Lipt
&y Material
i Constraints
Q& Loads
™ Contacts
[ Mesh

B Results

Strength of materials
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Steps for finite element calculation

2. The properties of the material. This is done by specifying a constitutive

law for the solid.

3 H & ko

Create Parametric  Assign
Study Table

Model x

Modeling | Study

v 4] static Analysis:1

B Constraints
& Loads
™ contacts

B Mesh

T Results

Manage Material

Find Thin T et

Bodies

Prepare

=1 (© Pin %

= Fricti
: rictionless
Fixed " Force Pressure

B j@fBearing a & EE

2

0 Moment = Manual Mesh View

&) Gravity 5] 0 L
Contacts Mesh Solve Result Display

. e « Adjusted x1 ¥ 3 5 .
Simulate eport  Guide Stress Analysis ~ Finish
Settings Analysis

Report Guide Settings Exit

Bz @
e

Constraints Loads ~

Assign Materials

| component

| Original Material ‘ Override Material | Safety Factor |

> [108-4-1-Lipt

Steel, Carbon || Yield Strength

PVC, Unplasticized ~
(@Rubber

Rubber, Silicone

SAN Plastic

Silicon Nitride

Silver

Stainless Steel

Stainless Steel AISI 440C, Welded

Stail , 440C

Stainless Steel, Austenitic

Steel

Steel, Alloy

Steel, Carbon

Steel, Cast

Steel, Galvanized

Steel, High Strength, Low Alloy

Steel, Mild

Steel, Mild, Welded

Steel, Non-Alloy

Steel, Wrought

Thermoplastic Resin

Titanium
UHMW, Black
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Steps for finite element calculation

3. The nature of the loading applied to the solid. This is done by specifying
the boundary conditions

@ B v

ort Guide Stress Analysis  Fini
Settings Analyss

& ﬁ @ % & Midsurface = © pin % H 6 Bearing 1 A & ﬂg 5 x: 1e Scale

ﬂx =
Offset Fixed & Frictionless o Moment 5 Manual Mesh View Simulate OL Adjustedx! ~

Create Parametric  Assign  Find Thin ixe Force Pressure
Study  Table Bodies u Gravity

Prepare Constraints Loads v Contacts Mesh Solve Result Display Report  Guide Settings Exit

= Force
Faces @ @ Direction

Magnitude | |

@‘ [ oK H Cancel H Apply ‘@

HLMJ

Manage Material
Model x [

Modeling | Study

v ] static Analysis:1
> ) 108-4-1-Lipt
>-&p Material

- 4B Constraints

b ‘g Loads

™ Contacts

B Mesh

i Results

Strength of materials

Readv 1 1
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Steps for finite element calculation

4. Simulate and run

Analysis

3D\ Ann A
I'E'l @ % & Midsurface 1 © rin % H 6 Bearing itomatic & (5] g - b e Scale - I J
X " 21 Offset 3 Frictionless 7D Moment 5 Manual y 2 Probe B color Ba 5 Bl Adjustedx1 ~

Parametric  Assign  Find Thin Fixed Force Pressure = Mesh View Simulate = i Guide Stress Analysis ~ Finish

Table Bodies &) Gravity (5] Cc e Labels Settings  Analysis
anage Material Prepare il Loads v Contacts Mesh Solve Result Display Report Guide Settings Exit
X Simulate
g | Study

Model: 108-4-1-1.ipt
_ 1 study, 1 configuration will be run.
tatic Analysis:1
[ 108-4-1-L.ipt
P Material Ready to run study.
B Constraints

Current configuration only

p Loads
M Contacts

@ [ rn | e | [«

| Results

Warnings

|A\ [static Analysis:1] All loads are acting on entities which have fixed constraints
applied on them

Strength of materials
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Steps for finite element calculation

4. Generate the report

e T Analysis
& ni'l &@ ‘a S Midsurface  —yr (0 Pin % % 0 Bearing I& Ba 5 %2 Animate Smooth Shading ~ «
Greate Pammenic| Assign | Find thin T OTESt Fea 3 Frictionless 0 e @ Moment | o Manual L ] simaiate| B Probe W colorker PR Adjsted ], ~ Report Guide Stress Analysis  Finish
Study  Table Bodies ) Gravity %] (¥ Probe Labels Settings  Analysis
Manage Material Prepare Constraints Loads ~ Contacts Mesh Solve Result Report Guide _Settings Exit
Model x Report [~
Modeling | Study
(@ Complete
> {7 108-4-1-L.ipt Coon
> &p Material
>R Constraints General Pproperties Studies Format
3§ Loads
= Contacts Report Title ’ Stress Analysis Report
[y Mesh Report Author [ Paula

v B Resuits

C:\Users\Public\Documents\Autodesk\Inv|

B Von Mises Stress

1st Principal Stress
3rd Principal Stress
Displacement
Safety Factor

£
E
B
@

wv-[F] stress

Stress XX

Stress XY Images Size 640 x 480
Suess )z Report Location

StressYY Filename

Stress YZ 108-4-1-1.ipt Stress Analysis Report 26_01_2020.htm|

Stress ZZ
v-[E] pisplacement

Path

B pisoemert <Current Path to .ipt file>
2

Strength of materials

£ ¥ Displacement

£ zisplacement
v [F] strain
£ Equivalent Strain
B 1stPrincipal Strain
& 3rd Principal Strain
B strainxx
B strainxv

g strainxz
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Steps for finite element calculation

5. Report

Image Width (pixels): | 320 || 400 || 640 || 800 || 1024 || 1280 || Fit width || original |

= Static Analysis:1

General objective and settings:

Stress Analysis Report Design Objective Single Point
N Study Type Static Analysis

© Last Modification Date 26/01/2020, 15:15

- Rl T 108-4-1-L.ipt Detect and Eliminate Rigid Body Modes|No
9 Autodesk Inventor Version: | 2018 (Build 220112000, 112)

Creation Date: 26/01/2020, 15:21 .
g Study Author: Paula MESh SEttlI'IgS:

— Summary: Avg. Element Size (fraction of model diameter) 0.1
@) . ) . Min. Element Size (fraction of avg. size) 0.2

2 Project Info (iProperties) :

5 Grading Factor 1.5
(@) = Summary Max. Turn Angle 60 deg
(- Title E:/Tests/Unfolder/108-4-1-1.stp
o) Author Create Curved Mesh Elements Yes
al Company
H -

p] g Project 2 Material(s)

S e s Name Stainless Steel, 440C
gzvﬁsion Number EOTE Mass Density 0.279986 Ibmass/in"3
v General | Yield Strength 99931 psi
Cost £0.00 B 5 R
oo Goned T06/0372006 Ultimate Tensile Strength | 124914 psi
Young's Modulus 29979.3 ksi
2 Status . E .
Desian Stats]WorknProgress| Stress Poisson'’s Ratio 0.27 ul
Shear Modulus 11802.9 ksi
Part Name(s) 108-4-1-1.ipt
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4. Finite element analysis software

Autodesk, Inc.
https://www.autodesk.com/

https://www.autodesk.com/products/autocad/free-
A AuTocAD i
§%) —
CG . I -
3 "' INVENTOR https.//www.autodesk.com/productsllnventor/free
Q b8 trial
@
S
[S]
= .M‘ MOLDFLOW https://wvyw.autodesk.com/products/moldfl
= ow/free-trial
o
n

F FUSION 360 https://www.autodesk.com/products/fusion-
360/free-trial

I INVENTOR NASTRAN https://www.autodesk.com/products/invent

or-nastran/overview
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ANSYS

ANSYS, Inc. https://www.ansys.com/products/structures

Structures

« ANSYS is a Finite Element Modelling Package for numerically solving
a variety of mechanical problems: static and dynamic structural
analysis (both linear and non linear), steady state and transient heat
transfer problems, mode-frequency and buckling analyses, acoustic
and electromagnetic problems and various types of field and coupled-
field applications.

 The program contains many special features which allow nonlinearities
or secondary effects to be included in the solution such as plasticity,
large strain, hyper elasticity, creep, swelling, large deflections, contact,
stress stiffening, temperature dependency, material anisotropy and
radiation.
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MSC CO-SIMULATION

« MSC Software Corporation
https://www.mscsoftware.com/product/co-simulation

Structural & Thermal Non-Linear Structural

Multi-Body Dynamics

Autonomous Vehicles CNastran

D Dytran
MSC Apex
Manufacturing
Q Simufact
Fluid & Thermal @Cradle \J Actran ('[\' Digimet Materials

Acoustics & Noise
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COMSOL Multiphysics® FEA software

COMSOL, Inc.

https://www.comsol.com/

The Solid Mechanics interfaces, available in 3D; 2D (plane stress,
plane strain, and generalized plane strain); and 2D axial symmetry,
provide the most general approach to analyzing solid structures. By
using a geometrically nonlinear formulation, it can analyze
situations with arbitrarily large rotations and strains.
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5. Correlation

Correlation analysis quantitatively and qualitatively compares 2 sets of analysis results data.
Usually this is a FEA and a test database that are imported in the FEM tools database [17].

Spatial correlation - Compares location in space between response locations resulting
in a table with mapped degrees-of-freedom. This may require changing orientation and
scaling of the models, which can be done in a manual way or using automatic tools.

Visual shape correlation - Visually compare shapes (static displacement shapes, mode
shapes and operational shapes) using side-by-side, overly and animated displays.
Global shape correlation - Globally compares shapes using various criteria. The result
is used for shape pairing.

Local shape correlation - analyzes local spatial correlation between shapes. Results
can be interpreted to localize modeling deficiencies and serve as guideline for selecting
model updating parameters.

Shape pairing - Creates a table of shape pairs (static, modal or operational).
FRF pairing - Creates a table of FRF pairs.

FRF correlation - Analyzes correlation between FRF functions, either globally between
2 functions or shape and amplitude correlation functions for a set of FRF pairs as
function of frequency.

Correlation coefficients - Calculates values of error functions from a selection of
reference responses. These functions are used in model updating to monitor the
distance between the updated model and a reference.
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Optimization

FEM tools Optimization is a toolbox for solving general and structural design
optimization problems [18].
FEM tools Optimization contains functions for:

« Sensitivity Analysis - Analyses how changes of parameters influences the
structural responses.

 General Non-Linear Optimization - For solving arbitrary non-linear
optimization problems.

« Size Optimization - For optimizing component parameters such as cross-
section and thickness.

« Shape Optimization - For optimizing the shape of existing components.

« Topometry Optimization - Optimizing component parameters on an
element-by-element basis.

« Topology Optimization - Creating new designs with a layout optimized for
a given load.

 Design of Experiments and Response Surface Modeling - Efficient
sampling of the design space and create an approximate model.

Strength of materials
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Exercises for finite element calculation

Upload the part

Sheet Metal k
O |:| q & I Lofted Flange § Bend @ W 3 B rip Hole @ J2 Axis = T3 Rectangular &8 Sketch Driven : ] A g %? % ® -
‘ Contour Roll 2 Fold ﬁ Unfold D Corner Round 4 Point ~ @ Circular » =
Start Face Flange Contour Cut Corner Punch Plane Sheet Metal Define Go to Make Make
2D Sketch ~ Flange &7 Hem [a Derive Seam Tool Refold a Corner Chamfer M L ucs [H(I Mirror Defaults  A-Side Flat Pattern Part Components
Sketch Create Modify v Work Features Pattern Setup v Flat Pattern

Model x &g St =
q 8180-302-P0006.ipt
v @P Folded Model
> 3 Solid Bodies(1)
> i:\'- View: Master
>-[] origin
> m Extrusion1
é 49 Flange9
é 49 Flange10
)q Flange11
> 43 Flange12
> [O] cutz
> [0 cuts

(@ End of Folded
> - Flat Pattern
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Create the simulation

Create
Study

Manage Material Prepare Cc i Loads »
Model x

Contacts Mesh Solve Result Display Settit

Report Guide

Create New Study
Modeling | Study

{7) 8180-302-Po006.ipt
Design Objective: Single Point 2

Study Type Model State
© Static Analysis
|:| Detect and Eliminate Rigid Body Modes
Separate Stresses Across Contact Surfaces
Motion Loads Analysis

Part Tirne Step

O Modal Analysis
Number of Modes 8
Frequency Range 0.000 - | 0.000
Compute Preloaded Modes

Enhanced Accuracy

Strength of materials

O Shape Generator
Contacts
Tolerance Type
0.100 mm [Bonded v
Normal Stiffness Tangential Stiffness
0.000 N/mm 0.000 N/mm

Shell Connector Tolerance 1.750

(as a multiple of shell thickness)

e ][ o[ o]
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Loads

3D Model

UPenAUTO

g Split DA’“S X 3: [*]

@] @' @ Sweep Q Emboss E]_'l Decal @ Chamfer % Thread [{] Stitch ‘Q Ruled Surface H J
_ Loft Deri LAl rt gJ Shell bil Di Point ~ Patch Tril ¢
Start Extrude Revolve U ° (82 Derive a e Hole Fillet S 0 SOTbae @ rect Plane & - @ Q . * o @ Finish
2D Sketch | Coil @ Rib @ Draft 0 Thicken/ Offset Ox Delete Face = L/__ ucs 5;5 @ Sculpt E Extend % Analysis
Sketch Create Modify v Explore Work Features Pattern Create Freeform Surface Simulation Convert Exit

Model x K&

Modeling |

v af] static Analysi

> () 8180-302-P0006.ipt
& Material

> A Constraints

> & Loads
M Contacts
By Mesh

v 5 Results

Von Mises Stress

1st Principal Stress

=
5 3rd Principal Stress
E Displacement

Safety Factor

> [F] stress
> [F] pisplacement

> [ strain

or Help, press F1

0 Mn

8180-302-P0006.ipt X
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Exercises — Generate the report

B Physical

Material Steel, Mild

Density 7.85 g/em”"3

Mass 0.804099 kg

Area 172434 mm~2
N Volume 102433 mm~3
< x=0mm
= Center of Gravity y:4.99822 mm
I z=0 mm
E Note: Physical values could be different from Physical values used by FEA reported below.
S

. . B Material(s
rofl = Static Analysis:1 — (Stl LT
*=8 General objective and settings: S [ ETH) 7.85 g/em”3
CCD Design Objective Single Point General :’Jllnte.ld Strength. 207 MPa
O BT e |ma:ce Tensile Strength | 345 MPa
=8 [ |ast Modification Date 26/01/2020, 19:38 Young's Hodulus 22150
d)) ==t Stress Poisson's Ratio 0.275 ul
Detect and Eliminate Rigid Body Modes No e 86.2745 GPa
Part Name(s)|8180-302-P0006.ipt

Mesh settings:

Avg. Element Size (fraction of model diameter) 0.1 B Operating conditions
Min. Element Size (fraction of avg. size) 0.2 = Force:1

Grading Factor 1.5 Load Type| Force

Max. Turn Angle 60 deg Magnitude|50.000 N

Create Curved Mesh Elements Yes Vector X |-50.000 N

Vector Y |-0.000 N
Vector Z |0.000 N “ Erasmus-+
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UPenAUTO

B Reaction Force and Moment on Constraints

Constraint Name

Reaction Force

Reaction Moment

Magnitude Component (X,Y,Z) Magnitude Component (X,Y,Z)
ON ONm
Fixed Constraint:1 (558620 N |558620 N 14350.7 Nm|/ON m
ON 14350.7 N m

B Result Summary

2 3rd Principal Stress

Type: 3rd Principal Stress
Unit: MPa
26/01/2020

Name Minimum Maximum
Volume 102433 mm~3

Mass 0.804099 kg

Von Mises Stress  |0.177403 MPa 82273.3 MPa
1st Principal Stress [-13035.7 MPa 89040.9 MPa
3rd Principal Stress|-55124.6 MPa 13954.1 MPa
Displacement 0 mm 284.306 mm
Safety Factor 0.00251601 ul 15 ul

Stress XX -29779.8 MPa 47166.3 MPa
Stress XY -35072.7 MPa 24715.3 MPa
Stress XZ -10479.9 MPa 10775.3 MPa
Stress YY -42125.4 MPa 63469.8 MPa
Stress YZ -44211.1 MPa 46088.4 MPa
Stress ZZ -49769.1 MPa 77226.5 MPa
X Displacement -10.7613 mm 2.07592 mm
Y Displacement -284.306 mm 1.02251 mm
Z Displacement -4.29886 mm 4.2763 mm
Equivalent Strain  |0.000000704015 ul|0.334825 ul
1st Principal Strain |-0.00752167 ul 0.379675 ul
3rd Principal Strain |-0.229712 ul 0.00436758 ul
Strain XX -0.12328 ul 0.187292 ul
Strain XY -0.203263 ul 0.143237 ul
Strain XZ -0.0607358 ul 0.0624476 ul
Strain YY -0.154375 ul 0.238996 ul
Strain YZ -0.256223 ul 0.267103 ul
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E Displacement

Type: Displacement
Unit: mm
26/01/2020

22433 iz 0

Type: Stress XX

UPenAUTO

B Safety Factor

Type: Safety Factor
Unit; ul

15 v

Type: Y Displacement
Unit: mm

26/01/2020 4 9:38:48
229 25
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Exercises [7]

Normal Stresses

A hollow steel tube with an inside diameter of 200 mm must carry a tensile load of 400 kN. Determine
the outside diameter of the tube if the stress is limited to 120 MN/m?.

P=cA

n where: -
© P = 400kN = 400 000N 100 mm >
% o = 120 MPa
S A=1xD? - 17(100)
© 12
= A = 2x(D? —10000)
2
< 400000 = 120 [ ;7(D?* — 10000) ]
N 400 000 = 307D2 — 300 0007

2 _ 400000 + 3000007

307
D =119.35 mm answer P =400 kN
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Exercises [7]

Shear Stress

What force is required to punch a 20-mm-diameter hole in a plate that is 25 mm
thick? The shear strength is 350 MN/m?2.

[%) P

'% V=14 Puncher N

= P = 350 [7(20)(25)]

= 20 mm o \

- P —549778.7N A

o 25 mm thick —, \,

= P —549.8kN answer
2

N Punched out —

\_ _l
@ﬂ N

20 mm
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Exercises [7]

Deflection

For the beam shown in Fig. P-673, show that the midspan deflection is & =

4b2).

EItA/M = (Aream) XA

UPenAUTO

Eltyn = 5(3L)(3PL)[3(30)] — 3(3L —b)P(3L — b)[b+ (5L — b)]
Elty = 53 PL? — 5 Pb(5L — b)* — 3 P(3L — b)’

L-2b\° L-2b\°
E”AKM—z—iPLS—%Pb( 2 ) _%P( 2 )
Eltyy = 5 PL* — $Pb(L — 2b)* — 5. P(L — 2b)°
Elta/nr = 53 PL? — Pb(L? — 4Lb + 4%) — 5, P(L* — 6L°b + 12Lb” — 86°)
Elty)y = 5 PL* — 2PL?b+ 2 PLY — 1 Pb* — LPL* + 1PL?*) — 1 PLY +

Elty)y = 1PL* — 1 Pv*
Eltan = 2 Pb(3L2 — 4b?)
Pb

——(3L2% — 4?
24ET ( )

tam =

1
5midspan - _tAfM

Pb

2 42
48EI(3L 4b*)

6midspan — (Okay!)

]

(Pb/48EI) (3L2 -

Figure P-673

P IR
‘A\ /

fe— 12 —>M

Ri=P (_[}LIZ—D

2 PL
m
\ P(L/2 - b)
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Exercises [7]

Continuous Beam by Three-Moment Equation
Determine the moment over the support R, of the beam shown in Fig. P-813.

6A,a, N 6.Asbo

MLy + 2M>(Ly + La) + M3La +
Ly Lo

=0
400N/ oo

C_(g Where
8 M, = M; =0
Q Li=Ly=4m
o 4m
R R R
E 6413,  8w,L*  8(1400)(4%) ; F ZP . .
O L, 60 60 _——
c -
=] 64131 _ 11 946.67 N - m?
@) 1
= ; )
: 6A2b2 Pb (L2 62) n wod (2L2 _ dg)
N I, L L
6450,  900(3) . 800(2%) o 1400 N/m 900 N
— 4 _ 2(42) — 2
I, YR )+ 1) [2(4°) — 2°] 800 N/m
6Asb 2 Mz
22 10325 N-m?
Ly
Thus, lm*lelm+|<— 2m
0+ 2M5(4 +4) + 0+ 11946.67 + 10325 Rs

My =—1391.98 N-m answer
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Exercises [7]

Combined Axial and Bending

A cast iron link is 40 mm wide by 200 mm high by 500 mm long. The allowable stresses are 40 MPa in
tension and 80 MPa in compression. Compute the largest compressive load P that can be applied to the
ends of the link along a longitudinal axis that is located 150 mm above the bottom of the link.

ooy Top fiber (¢ = 80 MPa compression)
C_(g Otop = —0q — OFf
= P 6M
——————————— = 200 mm Jtop - —— —
() A bd?
o
[0 Z| | 80 — P 6(50P)
= E - ~ T 40(200) ~ 40(20042)
y— )00 mm 40 mm p
@) 80— ———
r=fl M =50PN.mm 3,200
(@) P = 256,000 N = 256 kN
GC) Equivalent Loading
= ' Check the bottom fiber
U) ‘ Obottom — —O0a + Of
— P 6M
A= 1200 mm —_ I
‘ mr Obottom A + bd?
; 256(1000)  6(50 x 256)(1000)
. Chottom — —
e e 40(200) 40(200%)

i Opottom = 16 MPa tension < 40 MPa  (okay)

Thus,
P =256 kN answer
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